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ABSTRACT 

 
A theoretical framework to study nonlinear Rayleigh Taylor instability with 

vorticity and surface tension is presented. It is seen that the magnitude of the 
suppression of the growth rate of the tip of the bubble highly depends upon the 
surface tension provided surface tension is less than a critical value. On the other 
hand, if the surface tension is greater than the critical value, the oscillatory behavior 
of the interface is observed. The critical value of the surface tension strongly 
depends upon the strength of the vorticity and Atwood number. Results obtained 
from numerical simulation of the relevant nonlinear equations describing the 
temporal development of the bubble. 
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1. INTRODUCTION 
 

Under the gravitational force, instability at the interface between two horizontal 
parallel fluids of different densities with the heavier fluid at the top and the lighter at the 
bottom is known as the Rayleigh Taylor Instability. This phenomenon can be observed in a 
wide range of natural and astro-physical events such as Inertial Confinement Fusion, 
overturn of the outer portion of the collapsed core of massive stars, mixing of plasmas in 
space plasma systems, boundary of planetary magneto-sphere, solar wind and cluster of 
galaxies1-6, etc. As a result, an unstable disturbance tends to grow in the direction of the 
gravitational field, thereby releasing the potential energy of the system and reducing the 
combined potential energy of the fluids. Due to being an important phenomenon in many 
field sciences and astrophysical situations, the Rayleigh Taylor Instability has been widely 
investigated by using analytical7-9 as well as numerical approaches under linear and nonlinear 
theory10-13. 



74 Rahul Banerjee, et al., J. Pure Appl. & Ind. Phys. Vol.5 (2), 73-82 (2015) 

February, 2015 | Journal of Pure Applied and Industrial Physics | www.physics-journal.org 

The Rayleigh Taylor instability may reduce the performance of Inertial Confinement 
Fusion experiments by degrading the symmetry of implosion. In the classical Rayleigh 
Taylor experiments, it has been shown that the instability growth is limited by surface 
tension during the linear stage, where the growth is exponential in time9. In Inertial 
Confinement Fusion experiments the ablation process is coming into play. The Rayleigh 
Taylor growth is stabilized by the flow of material through the ablation front due to surface 
tension. In the nonlinear stage, the interface can be divided into the bubble of the lighter fluid 
rising into the heavier fluid, and spike of the heavier fluid penetrating into the lighter fluid. 
There are several methods for describing the nonlinear effect on this instability. 

Among them, Layzer's7 described a formulation where the interface near the tip of 
the bubble is approximated by a parabola and determined the position, curvature and velocity 
of the bubble tip. Recently obtained results14 indicates that the bubble developed at the 
interface is accelerated to a velocity quite above the classical model value8. This is ascribed 
to vorticity formation on the interface. It was suggested by Betti and Sanz15 that at the 
interface, mass ablation induces a transverse component of velocity and thus gives rise to 
vorticity generation. It has been shown by Betti and Sanz15 that the instability growth rate is 
augmented by vorticity accumulation inside the bubble resulting from mass ablation. 

The present article is addressed to the problem of the time development of the 
nonlinear interfacial structure caused by Rayleigh-Taylor instability in presence of surface 
tension and vorticity generation inside the bubble. It is shown that the growth rate of the 
instabilities is affected by the surface tension. The growth rate of the tip of the bubble is 
significantly reduced due to the surface tension. We observed a damped oscillatory 
stabilization of the interface for large surface tension. We also obtained a critical value of 
surface tension. 

 

The rest of the paper is laid out as follows. Section II deals with the basic 
hydrodynamical equations together with geometry configurations. Here we assume that the 
fluid are inviscid and nonmagnetic. The investigation of the nonlinear aspect of the structure 
of the two fluids interface is facilitated by Bernoull's equation together with the pressure 
balance equation at the interface. The long time asymptotic behavior of the bubble tip for 
Rayleigh-Taylor instabilities is derived in sec. III. We have also discussed the characteristics 
of the tip of the bubble derived analytically and numerically. Finally, we have concluded the 
results in sec. IV. 
 
II. DERIVATION OF KINEMATICAL AND DYNAMICAL BOUNDARY  
     CONDITIONS 
 

We consider the two-fluids free boundary problem for single mode Rayleigh-Taylor 
instability. The z axis is taken vertically upward opposite to the direction of gravity and x 
axis taken along the horizontal plane of unperturbed two fluid interface plane. The density of 
upper and lower fluids are �� and �� respectively, where �h > ��. The equation to the 
perturbed surface of bubble which is assumed to be parabolic, is 
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� � ���, �
 � ����
  ����
��           (1) 
 
with ��(t) > 0 and �� (t) < 0. The higher order terms are neglected as we are interested only 
in the motion near to the tip of the bubble |�| � 116,17. 

The kinematic boundary conditions satisfied on the perturbed interface given by 
Eq.(1) are 

 ��
��  ��� ��

�� � ���           (2) 

 
��
�� ���� � ���
 �  ��� � ���          (3) 

 
where ���,���, � are the velocity components of the heavier and lighter fluids occupying the 
regions � � 0 and �   0 respectively. 

The fluid motion is governed by the hydrodynamic equation 
 

� !�"#$
��  �$%#$. �$'  %#$�(  �)�
 � 0         (4) 

 
According to the Layzer's model7-17, the velocity potential describing the irrotational 

motion for the heavier fluid is assumed to be given by 
 

+���, �, �
 � ,��
 -./�0�
 123��2�4��
�         (5) 
 

where
  

and k is the perturbed wave number.
 

Since 5##$. �$� � 0, the equation of motion of the upper incompressible fluid leads to the 
following integral [?]: 
 

�� !� �+6
��   7

� �%+�
�  )�'   (� � 8���
        (6) 

 
For the lighter fluid the motion inside the bubble is assumed rotational15 with vorticity 

9##$ � :�";<
�� � �";=

�� > ?@. The motion is described by the stream function Ψ��, ?, �
, given by10. 
 

B��, �, �
 � C���
�  !C7��
13��2�4��
�  D4��

3E ' sin�0�
      (7) 

 

with
  

 
Hence  
 5�B � � 9              (8) 
 

Let I��, �, �
 be a function such that 
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5�χ � �ω              (9) 
 

Hence �B � χ
is a harmonic function as 5��B � χ
 � 0. Let Φ�x, z, t
 be its conjugate 
function 
 �R
�� � �S

�� � �T
��   

 
�R
�� � � �S

��  �T
��                     (10) 

 
Thus the velocity components of the lighter fluid are 

��� � � �S
�� � � �R

�� � �T
��  

 
��� � � �S

�� � � �R
��  �T

��                     (11)  

 
Using Eqs.(10)-(13), the first integral of the equation of motion of the lighter fluid is given 
by 
�� !� �R

��   7
� ���
� � 9B  )�'  U �� !:B �D

�� �   �TV
��> W�  :B �D

��   �TV
��> W�'  (� � 8���
      (12) 

 
Here we set 
 

I��, �, �
 � D4��

3E sin�0�
                      (13) 

 
Therefore Eq.(13) gives 
X��, �, �
 � �C���
�  C7��
 cos�0�
 13��2�4��
�                  (14) 
 

Taking the difference of Eq.(6) and Eq.(12) at the interface of the two fluids and 
applying the dynamical boundary condition, i.e, the pressure difference at the interface is 
balanced by the difference surface tension17, we obtain the following: 

 
�� !� �+6

��  7
� �%+�
�  )�' � �� !� �R

��   7
� ���
� � 9B  )�' � U �� !:B �D

�� �   �TV
��> W� 

:B �D
��    �TV

��> W�' � [(� � (�\  8���
 � 8���
 �  ]
^  8���
 � 8���
                               (15) 

satisfied at the interface � � ���, �
. 
 

Here T and R denote the surface tension and radius of curvature of the perturbed 
interface respectively. 

 

Now we derive the governing equations of the motion for the fluid parameters 
�� ��
, �7��
, ,��
, C���
 and C7��
. Substituting for the velocity components as determined 
by the velocity potential _� and the stream function Ψ  in the kinematic boundary conditions 
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Eq.(2) and Eq.(3), and equating coefficients of �` for i = 0 and 2 we obtain the following four 
equations for nondimensionalized bubble height a7 � 0��, nondimensionalized curvature 
a� � ��/0 and C�, C7  
 
cde
�f � ag                       (16) 

 
cdE
�f � � 7

� �6a�  1
 ag                      (17)  

 
3i4
j3k �  ldE��dm2 Dn 


�ldE27
                       (18) 

 
3Eie
j3k �  � �ldEo7
 dm2 Dn

�ldE27
                       (19) 
 

Here  
 

ag �  3Ep
j3k                       (20) 

 

is the nondimensionalized velocity of the tip of the bubble, 
 

q � � j0)                       (21) 
 

is the nondimensionalized time and 
 
9n � D4

j3k                       (22) 
 

is the nondimensionalized vorticity. 
The radius of curvature at the top of the bubble is given by 

 

7
^ � 2���1  4�� � ��
2m

E t 2���1 � 6�� � ��
                   (23) 

 
Again substituting all the fluid parameters in the dynamical boundary condition Eq.(15), 
using Eq. (23) and equating coefficients of ��, we obtain the following equation for 
nondimensionalized bubble velocity ag: 
 
cdm
�f � !�u�a�, v
 dmE

�ldE27
   �2v � 1
�6a� � 1�1 � 2a�
�w
' 7

x�dE ,y
  !Dn E2 z�ldEo7
Dn dm
�72ldE
  9nV ' 7

x�dE,y
   

                      (24) 
where 
 

u�a�, v
 � 36�1 � v
a�
�  12�4  v
a�  �7 � v
                  (25) 

 
}�a�, v
 � 12�1 � v
a�

�  4�1 � v
a�  �v  1
                  (26) 
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v � ~�
~�  and w �  3E]

�~�2~�
k is the nondimensionalized surface tension.  

 
The surface tension affected Rayleigh - Taylor instability induced growth of the 

bubble tip is determined by the parameters a7��
, a���
, ag��
 given by Eqs. (16), (17) and 
(24). 
 
III.  RESULTS AND DISCUSSIONS 
 

In this section, we analytically and numerically investigate the nonlinear behavior of 
a planar interface in Rayleigh Taylor instability in presence of vorticity. We also consider the 
stability of Rayleigh Taylor instability interface for incompressible fluids with large surface 
tension. The dependency of the vorticity 9n�q) on dimensionless time q is assumed to given 
by10. 
 

9n�q
 �  Dn �
7o� �����f4
  [tanh�q�
 �1  tanh�q

  tanh�q � q�
\                 (27) 

 
This profile of 9n�q
 is qualitatively similar with the simulation results of Sanz and 

Betti15. Note that 9n�q
 increases from 9��0
 = 0 and asymptotically tends to a saturation 
value 9n �. The constants q� and  9n � are adjusted so that the profile of  9n�q
 has approximate 
qualitative agreement with simulation results obtained by Sanz and Betti15. For  q� = 8 and 
9n �  = 2, the profile of 9n�q
 is shown in Figure 1. 
 Figures 2 and 3 show the temporal evolution of the interface between two fluids for  
r = 5. In linear stage, the initial interface is assumed to be � � ����
cos �0�
17. After the 
linear stage, the motion goes to nonlinear regime where the perturbed interface is given by 
Eq. (1). The expansion of cosine function gives the initial value of the interface. The 

expansion of the linear perturbed interface gives �a�
`�`�`p� �  � 7
�  �a7
`�`�`p�  , where 

�a7
`�`�`p�  is the arbitrary initial amplitude and here we consider �a7
`�`�`p� � 0.1. Also we 
may often chose �ag
`�`�`p� = 0 as the perturbation starts from rest. 

The non-dimensionalized time development plots of  a7, a� and ag in figures 2 and 3 
describe the dependency of surface tension on the nonlinear structure of two fluids interface. 

As q � ∞, the asymptotic values of  a� and ag for bubble tip are obtain by setting 
cdE
cf  = 0 

giving 

�a�
p�������`� �  � 7
l                      (28) 

 

and cdm
cf  = 0 yielding 

 

�ag
p�������`� � ��
g  �

7o�  :1 � �
g>    Dn �E

�
72�
7o�                    (29) 
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where � �  ~�2 ~�
~�o~�  is the Atwood number.  

 
Note that the above asymptotic values exist if the surface tension w less than a 

critical value w� given by 
 

w� � 3 :1  Dn �E
� :7

� � 1> >                     (30) 

 
This critical value depends upon the asymptotic strength of the vorticity and Atwood number 
A. The growth rate and velocity of the bubble tip are reduced if  w < w� and w �  w�. This 
results are shown in figure 2. 

Figure 3 depicts the nonlinear damped oscillation behavior of the interface when      
w > w�. It is clear that the amplitude and period of oscillation of the interface decrease for 
large surface tension and velocity of the bubble tip ag � ∞ as q � ∞. Thus the interface 
becomes asymptotically stable for large surface tension provided w > w�, and vorticity and 
Atloid number is constant. In contrast of case w < w�, here we observed that the 

�a�
p�������`�   � 7
l  and this asymptotic value becomes small for large surface tension. 

In case of w �  w�, equilibrium is attained, i.e, 
 
a�V �  agV � 0                      (31) 
when  

�a�
p�������`� � � 7
l                      (32) 

and  
�ag
p�������`� � 0                      (33) 
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The correlation between the critical value of the surface tension w� and the vorticity 
strength 9n �   is depicted in figure 4. The critical value of surface tension becomes small for 
large Atwood number A and small vorticity strength. Thus for large density ratio and small 
vorticity strength, the surface tension becomes a stabilizing factor of the Rayeigh Taylor 
instability. 
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IV. CONCLUSION 
 

In this article, we have reported a two dimensional potential flow model by 
considering vorticity generation inside the bubble of nonlinear Rayleigh Taylor instability. 
The analytic expressions of the parameters (curvature and velocity) of bubble tip at 
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asymptotic stage are obtained for arbitrary density ratio and vorticity strength. We obtained a 
critical value of the surface tension depending in the vorticity and Atwood number. Below 
this critical value surface tension reduces the growth and velocity of the bubble tip while 
surface tension becomes a stabilizing factor, provided it is larger than this critical value. In 
this case, the damped oscillatory behavior of the interface is observed and the asymptotic 
values of the curvature and velocity become zero. This result may help for understanding the 
astrophysical stabilizating observation of Rayleigh Taylor instability. 
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