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ABSTRACT 
 
An exact diagonalization study of the Falicov-Kimball model extended by 

nonlocal hybridization interaction shows that first-order valence transition is 
possible for smaller hybridization interaction. It has also been observed that 
hybridization (i) shifts the specific heat peak to higher temperature region, (ii) 
makes the system more ordered, (iii) explains the spin susceptibility of different MV 
compounds. An attempt has been made to compare the results with experimental 
findings.   
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1.  INTRODUCTION 
 
 A mixed-valence (MV) phenomenon is observed in certain rare-earth and actinide 
compounds1. Though it has been known to physicists since 19122, but, till now, the interest 
in MV compounds have grown significantly with further and new investigations3,4. These 
compounds show unique magnetic and thermal characteristics5, an analysis of which can 
contribute to our understanding of the behavior of electrons in a solid. In3, the anomalous 
acoustic softening behavior in La68-x,Cex,Al10Cu20Co2 (x=0, 34, and 68) metallic glasses has 
been studied by magnetic susceptibility, thermal expansion, and specific heat at low 
temperatures and the anomalous properties are attributed to the valence instability in the 
metallic glasses. Single crystal study of low-temperature magnetism and transport in 
SmTr2Al20 (Tr=Ti, V, and Cr) supports the presence of stronger c-f hybridization in SmV2Al20 
and SmCr2Al20 suppressing TN and inducing the valence fluctuations6. 
         Falicov-Kimball model (FKM)7 is largely used to explain the characteristics of MV 
compounds. So, the FKM extended by hybridization has attracted attention to investigate the 
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anomalous properties in MV compounds8-10. In8, the spinless FKM extended by hybridization 
has been studied within small-cluster exact-diagonalization technique. It has been observed 
that hybridization smears the valence transition and the metal-insulator transition takes place 
for V = Vc, (Vc > 0). Farkašovský also studied9 the effects of nonlocal hybridization on 
valence transition and metal-insulator transition within density matrix renormalization group 
and small cluster exact-diagonalization method. He found completely different picture from 
one obtained for the FKM without hybridization (or with local hybridization). Using HF 
method, FKM extended by both on-site and nonlocal hybridization has been investigated10 to 
examine the interplay between excitonic and CDW instabilities. It has been shown that both 
the cases, CDW phase remains stable at low temperatures for finite hybridization also. FKM 
extended by hybridization and electron-phonon interaction established11 a first-order valence 
transition for smaller hybridization interaction. 
         FKM and its variants have also been applied to study the importance of different 
interactions. The role of next-nearest-neighbor (NNN) hopping of the d-electrons has been 
investigated12 within FKM. Results show that NNN hopping shifts the d-level energy, makes 
the system more ordered, and has important effects on the spin susceptibility. The 
significance of correlated hopping on a triangular lattice has been examined13 using spinless 
extended FKM. The observations establish that the low temperature ordered phases persist 
up to a finite critical temperature which decreases with increasing the correlated hopping. 
            Though a lot of works have been done on the role of hybridization in MV system, 
yet not all the aspects of the system have been investigated. Recently, eight-site square 
cluster has been considered14 to explain interplay between electron-phonon interaction and 
Hubbard repulsion. In this paper, using similar eight-site square cluster, we present an exact 
diagonalization study to investigate the role of hybridization on valence transition within 
FKM. Finite temperature properties like entropy and specific heat of MV systems have also 
been studied. The observations have been compared with existing results. 
 

 
 

Figure 1. Our 8 site tilted square cluster 
 

2.  FORMULATIONS 
 

We have used the following extended Falicov-Kimball model Hamiltonian 
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where, the summations extend over all pairs of nearest-neighbors site on a simple two-
dimensional square lattice;  fiσ and diσ are the usual fermion operators for f- and d- electrons 
respectively (σ, σ' = spin). E is the f-level energy, G is the strength of the f-d Coulomb 
interaction, V is the f-d hybridization interaction and U is the on-site Coulomb interaction. 
The last term is the kinetic energy corresponding to quantum-mechanical hopping of the 
itinerant d-electrons between nearest-neighbor sites. 
        The representative eight-site spin state has the form 
 |���� ���� ���� ���� … . �!�� �!�� �!�� �!�� "                                                                                                     �2�                         
 

where ∑ �% ����� "� � 2.0. There are altogether 496 basis states. In our exact 
diagonalization study, the ground state is taken in the form 
 |' "�  � ()|') "                                                                                                                           �3�)  

 The coefficients am are the solutions of the system of equations 

                                            + ,(�...-.
/ � 0                                                                                �4�                                     

where N is the dimension of the Hilbert space and M is a symmetric matrix with a typical 
element as +)1 � 2% ')|�|'1 " 3 45)16                                                                                                      �5�                                  4 being the lowest solution of the eigenequation det + � 0                                                                                                                                                �6� 
and |ψm >, |ψn > are the basis states. Average f-electron density at the i th site is given by % ��� " � 1/=> ∑ 2% '?���� ���?' "6��  where => is the number of lattice sites; f-d intersite 

correlation function @�� �% ���� ��� ". 
        In this paper, we consider the entropy per lattice site A � �BC DEFG�H 	 �I�J K                                                                                                                        �7�                                     

        Low temperature specific heat is calculated using the relation @ � EFMN OPOQP G�H                                                                                                                                  �8�                                   

where H � ∑ �SQTUV , the sum is taken over all eigenstates, Eα's are the eigen-values, and M � �WXJ  , kB being the Boltzmann constant (taken as unity ).  

        Spin susceptibility for f-electrons is taken as 



220 Piuli Mukherjee, et al., J. Pure Appl. & Ind. Phys. Vol.5 (7), 217-222 (2015) 

July, 2015 | Journal of Pure Applied and Industrial Physics | www.physics-journal.org 
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3. RESULTS AND DISCUSSIONS 
 

        The effect of hybridization on valence transition is shown in Fig.2. 
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Figure 2. <ni
f> vs. E for different values of V. Here U=5.0, G=2.0, t=-1.0 

 

         A first order valence transition is observed for smaller hybridization at E = Ec = -2.6. 

The jump of % ��� " is from a value close to 0.25 to a value close to zero, because weaker 
hybridization keeps % ��� "  smaller before transition. The observation also supports 
previous investigations8,15 which concluded that hybridization smears valence transition. 
Thus, in the pressure induced case (f-level energy E is parameterized with pressure), 
nonlocal hybridization can describe valence transition within FKM. 
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Figure 3. Cfd vs. E for different values of V. Here U=5.0, G=2.0, t=-1.0 
 

In Fig.3, we have plotted the excitonic correlation function @�� �% ���� ��� " versus 
E for different values of V. The correlation function tends to zero in the insulating or metallic 
phase and becomes nonzero at the intermediate valence state16. With the increase of E, the 
correlation function decreases and attains a minimum at E = Ec, and then increases towards 
zero. The correlation function is closer to zero in the insulating or metallic phase. The lower 
hybridization interaction keeps @�� closer to zero at the insulating or metallic phase. So, 
increased hybridization smears the discontinuous transition17. 
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Figure 4. Temperature dependence of specific   Figure 5. Temperature dependence of entropy S 
heat C for different values of V.   for different values of V. 

Here E=-2.0, U=5.0, G=2.0, t=-1.0  Here E=-2.5, U=5.0, G=2.0, t=-1.0 
 

         The nature of the variation of specific heat with temperature is shown in Fig.4 for 
various values of the hybridization interaction. Curves exhibit a single-peak structure1 for 
E>Ec . The peak is sharp due to the presence of a large density of states at the temperature, 
the degeneracy of the ground state is small and many body states are distributed with 
something like a binomial distribution5. The peak value of specific heat decreases with V. 
Also, the peak shifts to the higher temperature region with the increase of V. 
         Variation of entropy per lattice site with temperature is depicted in Fig.5. It is 
observed that with the increase of hybridization, the system goes to the more ordered state up 
to a range of temperature. It indicates the importance of f-d hybridization interaction. 

With the rise in temperature, the difference between the curves becomes broad and 
becomes maximum for 0.1 < T < 0.3 (approximately). This temperature region is identified 
as transition temperature region18 and entropy is maximum for V = 0.01 signifying disorder 
related to valence fluctuation. Good convergence is observed for T [ 0.5. 
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Figure 6.  Temperature dependence of spin susceptibility χ for different values of V. 
 

Here E=-2.0, U=5.0, G=2.0, t=-1.0 
         Temperature dependence of spin susceptibility Y for various values of V is shown in 
Fig.6. It is observed that susceptibilities have peaks at lower temperature region. Mixed-
valent TmSe shows similar behavior where a Curie contribution to the susceptibility and an 
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antiferromagnetic order is observed at low temperature1. But, it appears that for larger V 
(V=0.1 in the graph), magnetic ordering is gradually destroyed. This behavior is observed in 
mixed-valent SmS and other MV compounds except TmSe1. Thus, it can be concluded that 
the observed variations of susceptibilities in different MV compounds are due to the 
differences in their hybridization interaction strengths.  
 
4. CONCLUSIONS 
 
         Using finite cluster exact diagonalization technique, the role of nonlocal hy-
bridization in mixed-valence phenomena has been investigated. It appears that hybridization 
smears valence transition. A single-peak structure is observed in the specific heat curves for 
E > Ec. With the increase of V, the peak shifts to the higher temperature region. Entropy 
calculation confirms that the system gets more ordered with V. Different strengths of 
hybridization interaction can explain the experimental observations on susceptibilities of MV 
systems. Hybridization destroys magnetic ordering. 
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