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ABSTRACT 

 

Using the theoretical formalism of F Dalfovo etal [Rev Mod Phys. 71, 463 

(1999)], we have evaluated frequencies of the lowest collective mode of m=0 and 

m=2 as a function of number of atoms N, sound velocity ‘c’ as a function of 

condensate peak density n(0), frequency of monopole excitation M (in the unit of 

ho ), frequency of quadrupole excitation 
Q (in the unit of 

ho ) both as a 

function of 
hoNa / a and frequency of the low lying m=0 mode as a function of 

amplitude of the oscillation. These evaluations have been performed with the help of 

linearized time dependent GP equation. Our obtained results are in good agreement 

with the experimental data and also with the other theoretical workers. 

The entire theoretical evaluation and investigation is based on time 

dependent Gross-Pitaeveskii equations. For finite N, these equations successfully 

interpolate between the non-interacting and strongly interacting systems. The 

frequencies of the lowest m=0 and m=2 modes, calculated from these equations are 

found in good agreement with the experimental data. Now, in future these equations 

can be used to explore the nonlinear dynamics of the gas in the case of attractive 

forces. 
 

Keywords: Bose-Einstein condensation in trapped atomic gases, time dependent 

Gross-Pitaeveskii equation, Frequency of collective modes, Monopole excitation, 

Quadrupole excitation, Condensate peak density, Density and velocity field. 
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INTRODUCTION 
 

The study of elementary excitation is considered as primary importance of quantum 

many-body theories. In the case of Bose fluids, it plays a crucial role in the understanding of 

the properties of super fluid liquid Helium. Several pioneer workers like Landau1, 

Bogoliubov2and Feynman3 have lot of works on this topic. After the experimental realization 

of BEC in trapped gases4-6, there has been an intense study of excitations of these systems. 

Measurements of the frequency of the lowest modes have become available and the direct 

observation of the propagation of the wave has also been obtained. In theoretical side, varieties 

of papers7-9 have been written to explain several interesting features exhibited by the dynamic 

behaviour of trapped Bose gases. 

In order to study the elementary excitations of trapped Bose gas, one starts with the 

many-body Hamiltonian describing N interacting bosons confined by an external potential 

Vext. The ground state of the system, as well as its thermodynamic properties can be directly 

calculated from the Hamiltonian. Mean –field approaches are commonly developed for interacting 

systems in order to overcome the problem of solving exactly the full many-body Schrodinger 

equation. Apart from the convenience of avoiding heavy numerical work, mean-field theories 

allow one to understand the behaviour of the system in terms of set of parameter having a clear 

physical meaning. This is particularly true in the case of trapped bosons. Actually most of the 

mean field results show that approach is very effective in providing quantitative prediction for 

the static, dynamic and thermodynamic properties of these trapped gases. 

In this paper, using the theoretical formalism of F Dalfovo et al.10, we have evaluated 

the frequencies of the lowest collective modes of even parity m=0 and m=2 as a function of 

number of atoms N and the obtained results were compared with the experimental data11. Our 

theoretically evaluated results are in good agreement with the experimental data11. Velocity of 

sound ‘c’ of the condensate is evaluated as a function of condensate peak density n(0) in the 

axial direction of Cigar shaped condensate. Our theoretically evaluated results indicate that c 

increase with n(0) and are in good agreement with the experimental observation12. Our 

theoretically evaluated results of the frequency of monopole excitation 
M (in the unit of       

ho ) as a function of parameter 
hoNa / a  for negative and positive values of ‘a’ show that 

M  

increase with 
hoNa / a  attain constant value for large positive value of hoNa / a . We have 

also evaluated frequency of the quadrupole excitation 
Q (in the unit of 

ho ) as a function of 

hoNa / a  show that 
Q  decrease with and attain constant minimum value for large positive 

value of 
hoNa / a . These evaluations have been performed with the help of density and 

velocity field and also using linearzied time dependent Gross-Pitaeveskii equations. Our 

theoretically evaluated results of the frequency of low-lying m=0 mode as a function of the 

amplitude of oscillations indicate that frequency in the unit of Hz increase with relative 

amplitude A and attain maximum constant value for large A. Our obtained theoretical results 

are in good agreement with the experimental data13. 
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MATHEMATICAL FORMULAE USED IN THE EVALUATION  

 

One starts with the discussion of time dependent Gross-Pitaevskii equation which is 

given by 

  

2 2
2

ext[ V (r ) g (r )] (r )
2m

  
     (r )         (1) 

Here, (r )  is condensate wave function,   is the chemical potential and g is the strength 

of the interaction. This equation is successfully used for evaluating stationary solution for the 

ground state. In the low temperature limit, where the properties of the excitations do not depend 

on temperature, the excited states can be found from the classical frequencies   of the 

linearized GP equation. One can look for solutions of the form 

 
i t / i t /(r , t) e [ (r ) u(r )e           i t /v (r )e ]  

      (2) 

corresponding to small oscillations of the order parameter around the ground state value. By 

keeping terms linear in the complex functions u and v, equation (1) becomes 

 
2

0u(r ) [H 2g (r )]u(r )      
2g (r )v(r )       (3) 

 2
0v(r ) [H 2g (r )]v(r )       

2g (r )u(r )      (4) 

Where    

2 2

0 extH ( V (r )
2m


               (5) 

These coupled equations (3) and (4) allow one to calculate the eigen frequencies   and 

energies    of the excitations. The coupled equations (3) and (4) were first used to 

numerically calculate the excitations of trapped gases for both spherical and anisotropic 

configurations14-16. For spherical traps, the solutions of equation (3) and (4) are characterized 

by the quantum numbers nr, l and m, where nr is the number of radial modes, l is the angular 

momentum of the excitation and m its z component. 

   Among the various excitations exhibited by these trapped gases, 

special attention has been given to the dipole mode. This oscillation corresponds to the motion 

of the centre of mass of the system due to harmonic confinement and it oscillates with the 

frequency of the harmonic trap. Two-body interactions cannot affect this mode because, in the 

presence of harmonic trapping, the motion of the centre of mass is exactly decoupled from the 

internal degrees of freedom of the system. Now, equation (1) can be looked for solutions of 

the form 

   
iz (t)e [x, y,z (t)]            (6) 

Here, one has considered only oscillation along z axis. Equation (6) corresponds to an exact 

solution of time dependent equation (1) oscillating with frequency z . In the case of 
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harmonic trapping, an important role is played by the ratio hoNa / a  where 

1

2
ho

ho

a [ ]
m




is harmonic oscillator length, 

1

3
ho x y z( )      is geometrical 

average of the oscillator frequencies, N is total number of particles and a is l=0 (s-wave) 

scattering length which serves as an interaction parameter. 

 

Large hoNa / a  Limit and Collisionless Hydrodynamics  

 

When the number of atoms in the trap increases, the eigen frequencies of the coupled 

equations (3) and (4) approaches an asymptotic value. The new regime is achieved when the 

condition hoNa / a >>1 is achieved. In this limit, the excitations are properly described by 

the hydrodynamic theory of superfluids in the collisionless regime at zero temperature. In a 

dilute gas this theory can be derived from time dependent GP equation (1). Here one writes 

the complex order parameter   in terms of modulus and a phase. 

   
iS(r ,t)(r , t) n(r , t)e

                       7(a) 

The phase fixes the velocity field 

   n(r , t)v (r , t) ( )
2im

                 7(b) 

So that 

     v (r , t) S r , t
m

                       7(c) 

The GP equation (1) can be rewritten in the form of two coupled equations for the density field 

and the velocity field 

    n (v n) 0
t


 


                   7(d) 

and           

2 2
2

ext

mv
m v (V gn n

t 22m n


    


)=0                7(e) 

Equation 7(d) is the equation of continuity and equation 7(e) establishes the irrotational nature 

of the super fluid motion. If the repulsive interaction among atoms is strong then the density 

profiles becomes smooth and velocity field takes the form 

   

2

ext

mv
m v (V gn ) 0

t 2


   


      (8) 
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This result corresponds to the equation of potential flow for a fluid whose pressure and density 

are related by the equation of state 

    
2P (1/ 2)gn                        8(a) 

Equations 7(d) and (8) have the typical structure of the dynamic equations of the super fluids 

at zero temperature. The stationary solution of equation (8) coincides with Thomas –Fermi 

density equation given by  

   
2 1

extn(r ) (r ) g [ V (r )]                       8(b) 

Time dependent equation 7(d) and (8) after linearization takes a simple form 

   

2
2

2
n [c (r ) n]

t


  


                     8(c) 

where   
2

ext

P
mc (r ) V (r )

n

 
  


                  8(d) 

and   local sound velocity    
gn

c
m

    8(e) 

In the case of non uniform condensates, oscillations have wavelengths much smaller than the 

size of the system and the frequency much larger than ho . For a spherical trap, one can get 

the solution in the interval 0 r R   in the form given by  

   r(2n ) l
l lmn(r ) P (r / R)r Y ( , )            (9) 

where r(2n )
lP  are polynomials of degree 2nr containing only even powers and lmY ( , )   

are spherical harmonics. The dispersion law of the discretized normal modes is given by the 

formula17 

   

1
2 2

r ho r r r(n ,l) (2n 2n l 3n l)                      (10) 

This result can be compared with the prediction for non-interacting particles in harmonic trap 

   r ho r(n ,l) (2n l)                       (12) 

with r x y z2n l n n n    . One has particular interest in the case of the so-called 

surface excitations (nr=0) and equation (10) predicts dispersion law 
hol  . The 

frequency of these modes is smaller than the harmonic –oscillator result l ho . For 

compressional modes r(n 0) , the lowest solution of equation 8(d) is the monopole 

oscillation which is also called breathing mode and is characterized by numbers nr =1 and l=0. 
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For a fixed value of N the accuracy of prediction (10) is expected to become lower and lower 

as nr and l increase. In the case of uniform Bose gases, the condition for the applicability of 

the hydrodynamic theory of super fluids is expected to be  . The result (10) reveals 

that in the Thomas-Fermi liquid Na/aho >>1, the dispersion relation of the normal modes of the 

condensate has changed from the non-interacting behaviour as a consequence of two-body 

interactions 

The results for the spherical trap can be generalized to the case of anisotropic 

configuration. In the case of harmonic-oscillator trap with axial symmetry along z axis 

equation 8(c) takes the form 

  
2

2 2 2 2
z2

m
m n {[ ( r z ] n}

2t
 


     



               (13) 

Because of the axial symmetry of the trap the third component m of the angular momentum is 

a good quantum number. Equation (13) for m 2   and m 1   gives the following 

dispersion relations 

   
2 2(l 2,m 2) 2                             14(a) 

   
2 2 2

z(l 2,m 1)                        14(b) 

where for axial trap x y( )   . Now, the l=0 and m=0 mode is coupled to the two 

decoupled modes and is given by  

2 2 2
z

3
(m 0) 2

2
     

4 2 2
z z

1
[9 16

2
   

1
4 216 ]               14(c) 

When z   , one recovers the solutions for the quadrupole and monopole excitations in 

a spherical trap. In the case of triaxially deformed trap, the collective frequencies are given by 

the solutions of the equation 
6 4 2 2 2 2 2 2

x y z x y3 ( ) 8 (          

2 2 2 2 2 2 2
y z z x x y z) 20 0                      14(d) 

For highly deformed traps it is possible to obtain simple analytic results for the excitations 

with higher quantum numbers. In the case of cigar-shaped traps ( z   ), one finds the 

dispersion18 

   2 2
z

1
(k) k(k 3)

4
                      14(e) 

where k is the relevant quantum number characterizing the spatial shape of the density 

oscillation. Equation (14(e) is valid for (k)   . In the case of disk-shaped traps 

z( )  , the dispersion relation for the lowest modes is given by 
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  2 2 2
r r r r

4 4
(n ,m) [ n n m 2n m]

3 3
                     (15) 

where rn 0,1.... is the number of radial modes and m is the z component of the angular 

momentum. 

 

Evaluation of Frequencies of Monopole and Quadrupole Excitations of a Condensate in 

a Spherical Trap as a Function of the Parameter Na/aho 
    

Using the moments m1 and m-1,, one can define an average excitation energy through 

the ratio 

   2 1

1

m
( )

m

                        (16) 

Monopole frequency is given by19 

   
2

2 2
M ho

2 2

r
4

N
r r

2 N

  





                              (17) 

Monopole frequency diverges near Ncr, monopole frequency diverges20 

   
1 1

4 4
M ho

cr

N
(160) [1 ]

N
                        (18)  

Quadrupole frequency is calculated through the ratio 

    2 3

1

m
( )

m
                       (19) 

where m1 and m3 are the energy and cubic energy-weighted moments. The frequency of the 

quadrupole excitation is given by  

    2 2 kin
Q ho

ho

E
2 [1 ]

E
                     (20) 

Here, Eho is the harmonic –potential energy. 
 

EVALUATION OF FREQUENCY OF THE LOWEST MODE m=0 AS A FUNCTION 

OF AMPLITUDE OF OSCILLATION 
 

One can also study the frequency shifts of large amplitude oscillation. When the 

number of atoms in the trap is large then the time dependent GP equation (1) reduces to 

equation 7(d) and the Euler equation 7(e) for the velocity field. These equations can be used 

to investigate nonlinear phenomena in a simplified way. One can use the density in the form21 

 2 2 2
0 x y zn(r , t) a (t) a (t)x a (t)y a (t)z                         (21) 
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The velocity field is given by 

 v (r , t)   2 2 2
x y z

1
[ (t)x (t)y (t)z ]

2
                          (22) 

Now, one can use the scaling transformation of the order parameter. One has a classical radius 

Ri (t) when the density equation (21) vanishes 

  
i i i i2

0i

2
R (t) R (0)b (t) b (t)

m


 



                    (23) 

where  
2

i 0ia m / 2g  ,  i x, y,z , g is the coupling constant 

24 a
g

m


  and 

0i i (0)  =static value of the trapping frequency=fix for the internal 

configuration of the system. Now density and velocity field in this case can be combined in 

the form by this equation 

 bi
2

2
2 0i

i i i
i x y z

b b 0
b b b b


                         (24) 

  2 2
ext i i i

m
V (r ) r

2

                       (25)    

ir x, y,z  

ib (t)  is the scaling parameter which gives time evaluation of the classical radius Ri(t) of the 

order parameter. Equation (24) are three coupled differential equation for the scaling parameter 

ib (t) . The solution of this equation gives the frequency of the lowest mode m=0 as a function 

of amplitude of the oscillation. 
 

DISCUSSION OF THE RESULTS 
 

Using the theoretical formalism of F, Dalfovo et al.10, we have theoretically studied 

the Bose-Einstein condensation in trapped atomic gases. In Table T1, we have shown an 

evaluated results of frequencies (in the unit of  ) of the lowest collective modes of even 

parity m=0 and m=2 for N rubidium atoms in an axially symmetric trap for taking 8  , 

where   is asymmetry parameter ( x y    ). The asymmetry parameter z




 


. 

Theoretical results were compared with experimental data11. These results are computed with 

the help of mean field equations (3) and (4). In table T2, we have shown the asymptotic results 

of the frequencies of the collective modes for m=0 and m=2 obtained with the help of coupled 

equations (3) and (4). Here, we have put Na / a  , 
1

2a [ ]
2ma




  and a / a
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=3.37x10-3. In table T3, we have shown the speed of sound ‘c’ as a function of condensate 

peak density n(0) for the wave propagating along the axial direction in the Cigar shaped 

condensate. The velocity is calculated from the formula 

1

2
gn(0)

c [ ]
2m

 . Our theoretical 

obtained results show that c increase with n(0) and attains maximum value for large density. 

Our evaluated results are in good agreement with the experimental data12. In table T4, we 

have shown an evaluated results of frequencies of monopole excitation M  (in the unit of 

ho ) of a condensate in spherical trap as a function of parameter hoNa / a  for both positive 

and negative value of ‘a’. Calculations were performed with the help of two methods Cal I and 

Cal II. Cal I is performed with the help of formulae given in equation (17) and Cal II by using 

linearized time dependent GP equations (3) and (4) respectively. Our theoretically evaluated 

results show that monopole frequency M  increase from negative a to positive a as a function 

of hoNa / a  and then attain almost constant value for large positive value of hoNa / a . 

Monopole oscillation is also called breathing mode characterized by the quantum numbers nr 

=1 and l =1, nr is the radial quantum number. In fact for large nr and l numbers, the oscillations 

of the density have shorter wavelength and in that case neglecting the kinetic energy pressure 

term in equation 7(e) is no longer justified. Monopole frequency vanishes near Ncr, the critical 

size of the radius for negative ‘a’. Monopole frequency near Ncr can play an important role in 

the decay mechanism of the condensate for N very close to Ncr due to quantum tunneling22. In 

table T5, we have shown an evaluated results of frequencies of quadrupole excitation Q (in 

the unit of ho ) of a condensate in a spherical trap as a function of parameter hoNa / a  for 

negative and positive value of a. Here, also calculations were performed by two methods Cal 

I and Cal II respectively. In Cal I, we have used formulae given by equation (20) and Cal II by 

computing linearized time dependent GP equations (3) and (4). Our theoretical obtained results 

for both calculations show that Q decrease with 
hoNa / a  and attain constant minimum 

value for large positive value of 
hoNa / a . 

Q  depends upon the ratio of two energy Ekin 

and Eho. Ekin is the kinetic energy and Eho is the harmonic-oscillator energy. In the case of non-

interacting gas, one has Ekin =Eho, and then Q =2 ho . In the case of Thomas-Fermi limit 

hoNa / a 1, the kinetic energy term is negligible and then Q = 2 ho . For negative 

‘a’ kinectic energy term is larger than Eho and in that case, one finds an enhancement of the 

quadrupole frequency. Also in the case of quadrupole case, the sum-rule estimate equation 

(20) turns out to be very close to the exact numerical solution of the linearzied equation (3) 

and (4). In table T6, we have presented an evaluated results of frequency of the lowest low-

lying mode m=0 as a function of amplitude of oscillation A. The theoretical results were 
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evaluated with the help of equation (24) and were compared with two experimental results13,23. 

This mode was observed in the Cigar shaped MIT traps. Our theoretical results show that 

frequency of low-lying mode m=0 increase with amplitude A and attain maximum value for 

large value of A. The overall agreement is good for both the zero-amplitude frequency and its 

shift. This theory has no fitting parameters. The effect is because of the large enhancement of 

the nonlinear effects due to asymmetry parameter  . The frequencies of the collective mode 

depend on the shape of the trapping potential and hence on  . For certain values of parameter 

, it may happen that different modes have the same frequency. This has been seen to occuer in 

the linear regime for m 2 . In the nonlinear regime, one observes that there is a strong 

coupling via harmonic generation when the frequency of a mode becomes equal to one of the 

second harmonics of other modes24. The condition for this degeneracy can be found 

numerically from equation (24). In the limit of small amplitude, one can also expand the 

solutions finding analytical result. In particular, one gets a quadratic shift in the form given by 

   2(A) (0)[1 ( )A ]                           (26) 

Here, A is the relative amplitude of the oscillation and ( )   is an analytic coefficient of the 

trapping potential on the more concerned. In the case of m=2 mode, one finds 

   
2

2

(16 5 )
( )

4(16 7 )

 
  

 

                    (27) 

The divergence at 16

7
 

is due to the degeneracy between the frequencies of high-lying 

m=0 mode and the second harmonic of the m=2 mode. There is some recent calculations25-35 

which also reveals the similar facts. 
 

Table T1 : An evaluated results of frequency (in the unit of 
 ) of the lowest collective modes 

of even parity m=0 and m=2 for N Rubidium atoms in the axially symmetric trap of 8   

where   is asymmetry parameter. Results were compared with the experimental data11 
 

N atoms Frequency 
  (m=0) Frequency 

 (m=2) 

Theory Expt Theory Expt 

50 2.5 ----- 2.0 ----- 

500 2.2 ----- 1.87 ----- 

1000 2.0 ----- 1.80 1.67 

2000 1.85 1.95 1.60 1.65 

3000 1.80 1.90 1.55 1.62 

4000 1.76 1.85 1.50 1.60 

5000 1.74 1.82 1.48 1.58 

6000 1.70 ---- 1.43 ----- 

7000 1.69 ---- 1.40 ----- 

8000 1.68 1.80 1.38 1.50 

9000 1.66 ----- 1.36 ----- 

10000 1.64 ------ 1.35 ----- 
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Table T2 : An evaluated asymptotic results of coupled equation (3) and (4) for frequency (in the 

unit of  ) for N atoms. Here Na / a , 
1

2a ( )
m







, 3a / a 3.37x10   

 
N atoms 

Frequency (  )   m=0 Frequency (  )     m=2 

2000 1.858 1.457 

3000 1.856 1.452 

4000 1.852 1.450 

5000 1.850 1.446 

6000 1.794 1.444 

7000 1.790 1.432 

8000 1.786 1.430 

9000 1.782 1.428 

10000 1.780 1.426 

 
Table T3: An evaluated results of sound velocity as a function of condensate peak density n(0) for 

wave propagating along the axial direction in the Cigar shaped condensate. The velocity is 

calculated from the formula  
1

2c [ gn(o) / 2m ] Results were compared with Expt data12 

 
Density n(o) x1014  cm-3 Sound velocity (mm/s) 

Theoretical value Experimental value 

1.5 2.8 3.0 

2.0 3.4 3.5 

2.5 4.6 3.8 

3.0 5.4 4.25 

3.5 6.0 5.56 

4.0 6.2 6.8 

4.5 6.8 7.2 

5.0 7.0 8.6 

5.5 7.5 9.5 

6.0 7.9 10.4 

6.5 8.3 11.8 

7.0 9.4 12.0 
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Table T4 : An evaluated results of frequency of monopole excitation of a condensate in a spherical 

trap as a function of parameter 
hoNa / a for positive and negative value of ‘a’ 

 

Cal I –By equation (17) 

Cal II-Linearized time dependent GP equation (3) and (4) 

 

hoNa / a  
M  (in the unit of 

ho ) 

Cal I Cal II 

-0.5 1.20 1.22 

-0.4 1.25 1.27 

-0.3 1.30 1.33 

-0.2 1.40 1.45 

-0.1 1.42 1.47 

0 1.45 1.49 

0.5 1.48 1.52 

0.6 1.53 1.56 

0.7 1.60 1.62 

0.8 1.80 1.83 

0.9 2.0 2.04 

1.0 2.2 2.24 

1.5 2.4 2.38 

2.0 2.5 2.47 

 
An evaluated results of frequency of quadrupole excitation of a condensate in a spherical trap as 

a function of parameter hoNa / a for positive and negative value of ‘a’ 

 

Cal I--- By equation (20) 

Cal II---By linearized time dependent GP equation (3) and (4) 
 

hoNa / a  
Q  (in the unit of 

ho ) 

Cal I Cal II 

-0.5 2.85 2.90 

-0.4 2.72 2.70 

-0.3 2.64 2.62 

-0.2 2.60 2.58 

-0.1 2.54 2.50 

0.0 2.52 2.48 

0.5 2.45 2.46 

0.6 2.40 2.38 

0.7 2.36 2.34 

0.8 2.32 2.30 

0.9 2.28 2.26 

1.0 2.22 2.20 

1.5 2.18 2.16 

2.0 2.15 2.14 
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Table T6 : An evaluated results of frequencies of the low-lying m=0 mode as a function of amplitude 

of oscillation A. Results were compared with two experimental data, Expt I13 and Expt II23 
Relative amplitude A Frequeny (Hz) 

Theory Expt I Expt II 

0.00 26.7 ----- ----- 

0.10 27.6 24.5 ----- 

0.15 28.3 ----- 27.3 

0.20 29.4 ----- ----- 

0.25 30.5 28.6 ----- 

0.30 31.7 ----- 29.5 

0.35 32.8 29.5 ----- 

0.40 33.0 ----- ----- 

0.45 33.9 ----- 32.6 

0.50 34.3 30.6 ----- 

0.55 35.7 ----- ----- 

0.60 36.2 ----- 33.0 

0.65 37.5 32.2 ----- 

0.70 38.2 ----- ----- 

0.80 40.6 ----- 36.8 

 

CONCLUSION 
 

From the above theoretical investigation and analysis, we have come across the 

following conclusions: 

(1) We evaluated the frequencies of the lowest collective modes of even parity m=0 and m=2 

as a function of atoms N and the results were compared with the experimental data11. The 

theoretical evaluation is based on the asymmetry parameter   for axially symmetric trap. 

The agreement is found to be quite satisfactory with the experimental data11. 

(2) We have also obtained frequency of these lowest modes m=0 and m=2 as the asymptotic 

solutions of the time dependent GP equations (3) and (4) by keeping the parameter 

Na / a   and a / a  =3.37x10-3. These results also match with the experimental 

data11. 

(3) Velocity of sound ‘c’ as a function of condensate peak density n(0) is also calculated in 

the axial direction of Cigar shaped condensate. The evaluation is done with the help of 

coupled equations of the density and velocity fields of the condensate. The theoretical 

formulation is also based on the assumption that the spatial variation of the density are 

smooth not only in the ground state but also during the oscillation Our obtained results 

show that ‘c’ increase with n(0) and attain maximum value at large density. The obtained 

results are in good agreement with the experimental data12. 

(4) Our obtained results of the frequencies of monopole excitation B (in the unit of ho ) 

as a function of parameter 
hoNa / a  show that 

B increase with 
hoNa / a  and attain 

almost constant value at large hoNa / a . Monopole oscillation is also called breathing 
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mode and is characterized by the quantum numbers nr =1 and l=1. This is the 

compressional mode r(n 0)  of density oscillation. This oscillation is obtained when  

one neglects the kinetic energy pressure term in the velocity field in equation 7(e) 

(5) Our evaluated results of frequencies of quadrupole excitation Q (in the unit of ho ) as 

a function of the parameter 
hoNa / a indicate that Q decrease with 

hoNa / a  and 

attains almost constant minimum value at large 
hoNa / a . Quadupole excitation 

frequency is based on the ratio kin

ho

E

E
and one observes that quadrupole frequency given 

by equation (24) turns out to be very close to the exact numerical solutions of the linearized 

time dependent GP equations (3) and (4). 

(6) Our obtained results of the frequency of the low-lying m=0 mode as a function of relative 

amplitude of oscillation A show that the frequency increase with A and attain maximum 

value at large A. Our obtained results are in good agreement with two experimental 

datas13,23. This is due to large enhancement of nonlinear effects that depend upon 

asymmetry parameter  . The frequency of the collective mode depends on the shape of 

the trapping potential and hence on  . One also observes that in the case of linear regime, 

different modes have the same frequency but in the case of nonlinear regime, one finds 

strong coupling of the mode via harmonic generation when the frequency of a mode 

becomes equal to the one of the second harmonic of the other modes. 

(7) The entire theoretical evaluation and investigations are based on time dependent GP 

equations. For large N, these equations successfully interpolate the non-interacting and 

strongly interacting systems. The frequencies of the lowest collective modes m=0 and m=2 

calculated with the help of these equations are found in good agreement with the 

experimental observation. Now, in future it is expected that these equations can also be 

used to explore the nonlinear dynamics of the gas in the case of attractive potential. 
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